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Let X, T be topological spaces and M(X) the space of all non-negative and finite Bore1 
measures on X, endowed with the weak topology. Given a non-negative and finite Bore1 measure 
A # 0 on r, denote the space of A-integrable, continuous kernels @: T+ M(X), endowed with 
the compact-open topology, by I( T, X, A). We show the map I( r, X, A) 3 @ + A@ E M(X) to be 
open if T is completely regular and prove that the assumption ‘T regular’ is not sufficient. 
AMS (MOS) Subj. Class.: 28A33, 60BlO 
Introduction 
In this paper all topological spaces are tacitly assumed to be Hausdorff. For such 
a space X, denote by M(X) the space of all non-negative and finite Bore1 measures 
on X, endowed with the weak or narrow topology (see [6] or [7]). Given another 
topological space T, any continuous mapping @ : T + M(X) may be considered as 
a Feller kernel in the sense of [2]. Observe, however, that the converse is not true 
in general, since the weak topology is generated by the mappings p + jf dp, where 
f denotes any bounded, continuous real function on X, only in special cases, for 
instance if X is metrizable. Given a non-negative and finite Bore1 measure A on T, 
we call a continuous kernel @A-integrable if @( .)(X) is A-integrable and introduce 
the integral (P*( @) of @ by 
q*(@)(B) = 
I 
Q(.)(B) dh for each Bore1 set B in X. 
The set of all integrable, continuous kernels will be denoted by Z( T, X, A) and 
endowed with the compact-open topology (see [3]). Continuity of the map 
(PA : Z(T, X A)+ M(X) 
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can easily be investigated by application of the classical convergence theorems. For 
instance, it is an application of the lemma of Fatou to establish the continuity of 
(P,+ for compact and second countable spaces T and second countable spaces X. A 
result concerning the openness of (Pi was shown in a special case by Chang. In [l] 
he proved for probability measures A the restriction 
(P~:{@EI(T,X,A):@(~)(X)=~ foreach ~ET}+{~EM(X):~(X)=~} 
to be open if T is compact and X a Polish space. We show that (P* and its restriction 
to stochastic kernels is open for arbitrary spaces X and completely regular spaces 
T (if A # 0 of course). Furthermore, we give an example, which clarifies that the 
assumption “T completely regular” cannot be weakened to “T regular”. 
To conclude the introduction, the proof of the main theorem 2.1, the openness 
of (P*, will be sketched: Chang established his result by proving that the Polish 
space X can be assumed to be totally disconnected in addition. In the more general 
situation of this paper, such a simplification is not available. So we have to give a 
completely new proof. Consider an open set U c I( T, X, A) and @ E U. Lemma 1.2 
yields a kernel W E U such that (P* (!P) = (P,+ (@) and p can be represented as the 
convex average of finitely many measures v, with coefficients depending on r E T, 
i.e. q = C :=, hiv, with n E N, vi E M(X) and non-negative, continuous, real functions 
hi such that C:=, hi = 1. So to investigate (P*(U) we may consider the restriction of 
(P* to kernels of this type, which is in fact only a convex averaging of measures: 
(P*(T) = C:=, (j h, dh) vi. This means that the proof can be finished with a result of 
the author in [5] which says that convex averaging is an open map in M(X) for 
arbitrary spaces X. 
Notations. Given a topological space X, 
(a) 9(X) is the family of all open sets in X, 
(b) Y{(X) is the family of all compact sets in X, 
(c) 93(X) is the family of all Bore1 sets in X, 
(d) Y(X) is the family of all continuous functions f: X + [0, 11. 
The closure of a set PC X will be abbreviated by p, the support off E %‘(X) by 
supp(f ). 
The set of all Bore1 measures, which are always assumed to be non-negative and 
finite, is denoted by M(X), the subset of probability measures by P(X). We endow 
M(X) with the weak topology, i.e. the topology generated by the requirements 
p + p(X) is continuous, 
p + p(G) is lower semicontinuous for G E 9(X). 
Given another topological space T, the space of all continuous mappings @ : T + 
M(X) is denoted by M(X)7 and endowed with the compact-open topology. If 9 
is a basis of the topology of M(X), the collection of all sets 
(K,T)={+M(X)T: @(K)cT] 
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for K E YC( T), r~ 9, is a subbasis of the topology of M(X)’ (see [3, p. 264, 5.11). 
It is evident that the map 
7-3 t+ @(t)(B)ER 
is Bore1 measurable for BE 93(X) and @E M(X)? So, given A E M(T), we will 
call @E M(X)rA-integrable if @( e)(X) is A-integrable and abbreviate the A-integral 
of a A-integrable kernel @ by cp^( @) E M(X), i.e. 
q,(@)(B)= @(t)(B)A(dt) for BE 93(X). 
The set of all A-integrable kernels in M(X)r will be denoted by I( T, X, A) and 
considered as a subspace of M(X)? 
1. The lemmata 
We start with a purely topological lemma. 
1.1. Lemma. Let T be a completely regular topological space and K,, . . . , K, a family 
of distinct non-void, compact sets in T such that {K,, . . . , K,, 0) is stable with respect 
to intersections. Let G,, . . . , G,,, be open sets in T such that Gi 3 K, for 1 s i < m. Then 
there exist functions h,, . . . , h, E %‘(T) such that 
(i) supp(h,)cG,for l<i~m; 
(ii) CF!, h,s 1; 
(iii) If tEU{Ki: l~i~m} and K(t)=n{K,: tE Ki}, then 
1 h,(t)=l. 
i: K,CK(1) 
Proof. We may assume 
KicKi =$ i<j 
for 1s i, j s m. Since T is regular, there are open sets U, such that 
Kit U,c L?,cG; for lcisrn. 
(*I 
We now define by recursion functions g, = 0, g,, . . . , g, E %?( T): Given 1 s i s m and 
1 
i-l 
&=K,n tET: C g,(t)<; 
I=0 
there is gi E %(T) such that 
giCt)= 
1 iftE&, 
0 if teU{K,: K,n&=(d}u(T\U,). 
The final definition 
hr=(max{,g, gj,a})P1giE y(T) 
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now yields 
(i) ~upp(h,)=supp(gi)c UiC Gi for lcism. 
(ii) Cy=,h,(t)=l ifC~=,gi(t)~aandC~=,hi(t)<l ifCE,g(t)<a. 
(iii) Let tE l_{K,: 1 s is m} be given. Since Cy=, gi( t) > + by construction, we 
get Cy=, hi(t) = 1, which in turn implies that it is sufficient to show hi(t) =O for each 
lsism such that KigK(t). 
Case 1. K,nK(t)=& It follows kinK(t)=@, hence gilK(,)=O which finally 
yields h,(t) = 0. 
Case 2. K, n K(t) = K, for j < i [observe (*) and the fact that i = j would imply 
Ki c K(t)]. It follows 
i-l 
K(t)nk;=K,n SET: C gl(s)<f =fl, 
I=0 I 
so we get again gilKCt)= 0 and hi(t) =O. 0 
The purpose of the next lemma is, given an open set U in I( T, X, A) and CD E U, 
to establish the existence of V E U with the same A-integral, but having a special 
structure, namely W is the convex combination of a finite number of measures with 
coefficients from V?(T). 
1.2. Lemma. Let T be completely regular, X a topological space and A E M(T). Given 
an open set U in Z( T, X, A) and @E U, there are measures u,, . . . , v, E M(X) and a 
partition of the unity h,, . . . , h, E S’(T) such that 
(i) !P =Cy=, hiv, E U, 
(ii) P*(T) = Pi. 
Proof. We may assume U=n,_-iSm (Ki, I’i) n Z( T, X, A) for convex open sets ri 
and distinct, compact, non-void sets K,, . . . , K, such that {K,, . . . , K,, 0) is closed 
under the formation of intersections and the condition 
KicKi =+ I;cq 
is fulfilled for 1 d i, j s m. Applying Lemma 1.1 for 
Gj=@-l(Z’i)~Ki, l~ism, 
weget h,,...,h,E(e(T) as described there. The definitions 
n=m+l, h, = l- f hi, r,, = M(X), 
i=l 
1 
=qA(hi@)(j hid*)-‘, if 1 h,dh>O, 
vi 
E ri arbitrary, if h, dh =O, 
I 
for 1 s is n yield by convexity of ri that vi E ri for 1 s is n and that both require- 
ments are fulfilled: 
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(i) Let f E Ki and K, = K(t) = n{K,: t E K,} be given. By the convexity of ITi, 
together with (iii) of Lemma 1.1 we have to establish V, E ri for each index j such 
that K, c K,. But this is clear since the inclusions K, c K, c Ki imply by (*) vi E 
J;c r;. 
(ii) The definition of 1v yields !P E I( T, X, A) and 
(Observe that 5 hi dh = 0 implies (P~(!Q@) = 0.) 0 
2. The theorem 
We are now prepared to give the proof of the main result of this paper, since by 
Lemma 1.2 we have a knack of the images of open subsets of I( T, X, A) under the 
mapping ph. 
2.1. Theorem. Let T be a completely regular and X an arbitrary topological space. If 
A E M( T) is non-zero, 
(P~:I(T,X,A)+M(X) 
is an open map. 
Proof. For n EN we define 
and endow 
Y:=M(X)“x{p} 
with the product topology for each p E P,. Consider the topological sum 
Y=U{Yf: nEN),pE P,}, 
and the mappings 
n 
(P2:Y3(Vlr...,Yn,(h*,...,h,))~ c 
i=l 
vi E M(X). 
We are done, if the following assertions have been shown: 
(1) cp, is continuous, 
(2) p2 is open, 
(3) (P*(U) = (p2((p;‘( U)) for each open set U in I( T, X, A). 
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(1) For n E N, p E P,, the continuity of cp,l ,,c has to be established. This is obvious, 
since the map 
is continuous for each h E y(T). 
(2) For n E N, p E P, the openness of cpzlv; has to be shown. But this follows by 
[5, Theorem 2.11. 
(3) ‘c ‘: Given @ E U Lemma 1.2 yields y E Y such that cpr(y) E U and cpz(y) = 
(P*(Q). 
‘ 3 ‘: Given y E Y such that p,(y) E U, we get 
(P*(Y) = (‘PA o R)(Y) E cp*( U). 0 
Evidently we can replace in the assertions and proofs of Lemma 1.2 and Theorem 
2.1 each “M(X)” by “P(X)” to get the following strong generalization of the result 
of [l]. 
2.2. Corollary. Let T be a completely regular and X an arbitrary topological space. 
Then, given a probability measure h E P(T), the mapping 
(P* : P(X)‘+ P(X) 
is open. 
We conclude with an example, which shows that it is not sufficient to require 
regularity of T in Theorem 2.1. 
2.3. Example 
(a) If T = X is a separable Hausdorff space and t,, t2 are distinct points in T 
such thatf( tl) =f( t2) for all continuous real functionsfon T, then there is a non-zero 
measure A E M(T) such that (Pi : I( T, X, A) + M(X) is not open. 
(b) Assuming the Axiom of Constructability, there are regular spaces T, X and 
a non-zero measure A E M(T) such that (P,+ is not open. 
Proof. (a) We may assume N c T and ti = T. Define 
A = 1 2-“.s,, E M(T), 
neN 
where E, denotes the Dirac measure in the point n E T. 
(1) If the A-integral of !P E I( T, X, A) is carried by a finite set X0, then ?P(t,) = 
P(r,): 
Since for n EN 
~(n)(X\X0)~22”(pA(~)(X\X0)=0 
the open set 
{te T: ‘P(t)(X\X,)>O} 
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does not contain any n E N and is therefore empty. So, given x E X0, the mapping 
T 3 r+ Wt)({xI) = q(t)((X\X,) u Ix>) 
is both lower and upper semicontinuous, hence continuous. This means !P( t,)({x}) = 
~(t,)({xJ), thus q(t,) = q(t,). 
(2) Choose @ : T 3 t + F, E M(X), disjoint open sets Gi in X such that t, E Gi for 
i=1,2 and 
l_J=~({ri},{~~M(X):p(G,)>~andp(X)~~})nl(T,X,h). 
i=l 
Since F(t,) # F(t2) holds true for any 9 E U, part (1) yields that (P*(U) contains 
no measure carried by a finite set. But, since these measures are dense in M(X) 
[7, p. 48, Theorem 11.11 and (P* (@) E (Pi ( U) the set (Pi ( U) cannot be open. 
(b) The assertion follows by (a) and application of a result of Ostaszewski. Taking 
advantage of the set theoretic assumption, he constructs in [4] a separable and 
regular topological space Y, which contains a closed, uncountable subset F and a 
point y, g F such that for any continuous real function f on Y the set {y E: F: f(y) # 
f(y,)} is countable. Consider now the topological sum X,, = (Y x { 1)) u ( Y x (2)) 
and the equivalence relation on X0 
(y, i) - (j, ?) @ y = a E F or (y, i) = (y, i). 
The quotient space X = X0/- is evidently regular and separable. Given the canonical 
projection p : X, + X and a continuous real function_/” on X the proof is now finished 
by the observation that for uncountably many x E p( F x (1)) = p( F x (2)) 
f(P(Y0, 1)) =f(x) =f(P(Yo, 2)). 0 
Observe that the set theoretic assumption in Example 2.3(b) may be weakened 
(see [41). 
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